A subgroup H ≤ G is said to be almost normal if every conjugate of H is commensurable to H. If H is almost normal, there is a well-defined quotient space G/H. We show that if a group G has type Fn+1 and contains an almost normal coarse P Dn subgroup H with e(G/H) = ∞, then whenever G ′ is quasi-isometric to G it contains an almost normal subgroup H ′ that is quasi-isometric to H. Moreover, the quotient spaces G/H and G ′ /H ′ are quasi-isometric. This generalises a theorem of Mosher-Sageev-Whyte, who prove the case in which G/H is quasi-isometric to a finite valence bushy tree. Using work of Mosher, we generalise a result of Farb-Mosher to show that for many surface group extensions ΓL, any group quasi-isometric to ΓL is virtually isomorphic to ΓL. We also prove quasi-isometric rigidity for the class of finitely presented Z-by-(∞ ended) groups.
Introduction
A central idea in geometric group theory is that a finitely generated group equipped with the word metric is a geometric object in its own right. This metric is well-defined up to quasi-isometry. A typical question is the following: given a class C of finitely generated groups, is it true that any finitely generated group quasi-isometric to an element of C is also in C? Positive answers to this question occur surprisingly often, and this phenomenon is called quasi-isometric rigidity. A related problem is quasi-isometric classification: when are groups in C quasi-isometric? These questions comprise Gromov's program of studying finitely generated groups up to quasi-isometry.
One approach to these questions is to show that if a group G can be decomposed into "smaller" or "simpler" groups, then any group quasi-isometric to G also decomposes in a similar way. The aim of this article is to investigate instances in which the following question and generalisations of it are true: Question 1.1. Suppose a finitely generated group G contains an infinite normal subgroup H. If G ′ is a finitely generated group quasi-isometric to G, does it contain a normal subgroup H ′ such that H is quasi-isometric to H ′ and G/H is quasi-isometric to G ′ /H ′ ?
Although this question is false in full generality, we can nonetheless give several instances for which there is a positive answer. These are applications of Theorem 1.4, the main result of this article. We say that a group is Z-by-(∞ ended) if it has an infinite cyclic normal subgroup such that the quotient is infinite ended. Our first result says that the class of finitely presented Z-by-(∞ ended) groups is quasi-isometrically rigid: Theorem 5.10. Let G be a finitely presented Z-by-(∞ ended) group. If G ′ is any finitely generated group quasi-isometric to G, it is also Z-by-(∞ ended). Moreover, any quasi-isometry f : G → G ′ induces a quasi-isometry G/Z → G ′ /Z between quotient groups.
A group G is of type F n if it has a K(G, 1) with finite n-skeleton. We say that G is Z n -by-(∞ ended) with almost injective quotient (AIQ) if G has a normal subgroup H ∼ = Z n such that the quotient is infinite ended and the natural homomorphism G/H → Aut(H) ∼ = GL(n, Z) has finite kernel. We show that this class of groups is quasi-isometrically rigid:
Theorem 5.16. Let G be a group of type F n+1 that is Z n -by-(∞ ended) with AIQ. If G ′ is any finitely generated group quasi-isometric to G, then it is also Z n -by-(∞ ended) with AIQ. Moreover, any quasi-isometry f : G → G ′ induces a quasi-isometry G/Z n → G ′ /Z n between the infinite ended quotients.
However, Theorem 5.16 does not hold if we relax the AIQ hypothesis. For instance, in Example 5.11 we describe a group quasi-isometric to Z 2 × F 2 that does not (virtually) contain a free abelian normal subgroup of rank 2. Similar examples are also considered in work of . This resolves a question of [FLS15, Section 12.2] .
Using work of Mosher [Mos03a] , we can also prove a much stronger form of quasi-isometric rigidity for certain surface group extensions. The DehnNielsen-Baer theorem says that Out(π 1 (S)) ∼ = MCG(S), where MCG(S) is the extended mapping class group of a closed hyperbolic surface S. Given a subgroup L ≤ MCG(S), let Γ L be the associated surface group extension 1 → π 1 (S) → Γ L → L → 1. We say that L is irreducible if it doesn't preserve a finite collection of disjoint simple closed curves.
Theorem A.19. Suppose L is an irreducible subgroup of MCG(S) that is of type F 3 and has infinitely many ends. Let Γ L be the associated surface group extension. If G is any finitely generated group quasi-isometric to Γ L , then there is a finite normal subgroup N ⊳ G such that G/N is abstractly commensurable to Γ L , i.e. Γ L and G/N have isomorphic finite index subgroups.
This generalises a result of Farb-Mosher [FM02a] , who prove the case in which L is a convex-cocompact infinite-ended free group. A theorem of Koberda gives an abundance of suitable subgroups L ≤ MCG(S) to which Theorem A.19 can be applied [Kob12] . Koberda shows that such subgroups are generic: if n > 1 and g 1 , . . . , g n are infinite order elements of MCG(S) that do not share a common power, at least one of which is a pseudo-Anosov, then g N 1 , . . . g N n is an infinite-ended, irreducible subgroup of MCG(S) that is of type F 3 for N sufficiently large.
However, there are many situations in which Question 1.1 fails to be true. In addition to Example 5.11 described above, we recall that Burger and Mozes constructed simple groups that are quasi-isometric to F 2 × F 2 [BM97] . Theorem 1.4 demonstrates that a weakening of the notion of normal subgroup is frequently a quasi-isometry invariant. We now describe this property.
Given an ambient group G, two subgroups H and K are said to be commensurable if the intersection H ∩ K has finite index in both H and K. We define Comm G (H) to be the subgroup of all g ∈ G such that H and gHg −1 are commensurable. A subgroup H ≤ G is said to be almost normal if G = Comm G (H), i.e. H and gHg −1 are commensurable for all g ∈ G. We denote this by H É G. Almost normal subgroups have been studied extensively and are also known as inert subgroups, near normal subgroups and commensurated subgroups, e.g. [Bel93, Kro06, SW13] .
Given a finitely generated group G and a subgroup H É G, the set G/H of left H-cosets carries a proper metric, unique up to quasi-isometry, such that the natural left G action is isometric. We refer to Section 3 for a definition of this metric. This space G/H is called the quotient space. Indeed, in the case where H is normal, the quotient space is quasi-isometric to the quotient group equipped with the word metric.
The map p : G → G/H taking g to the left coset gH is a coarse bundle in the sense of [Why10] . Showing that quasi-isometries preserve this coarse bundle structure is a key step in several celebrated quasi-isometric rigidity results, e.g. [FM99] , [FM00], [Why01] , [FM02a] , [MSW03] and [EFW12] . This property is also called horizontal-respecting or height-respecting in the literature.
We consider the following variant of Question 1.1: Question 1.2. Let G be a finitely generated group containing an infinite almost normal subgroup H. If G ′ is a finitely generated group quasi-isometric to G, does G ′ also contain an almost normal subgroup H ′ É G ′ such that H is quasi-isometric to H ′ and G/H is quasi-isometric to G ′ /H ′ ?
The Burger-Mozes groups, which were counterexamples to Question 1.1, are not counterexamples to Question 1.2. Indeed, the groups considered in [BM97] are of the form Γ = F * H K, where H, F and K are finitely generated free groups such that H has finite index in both F and K. It is easy to see that H is almost normal in Γ. The following proposition, which can be deduced from Theorem B.5, says that this is true, up to finite index, for all groups quasi-isometric to a product of non-abelian free groups. Proposition 1.3. Suppose G is a finitely generated group quasi-isometric to F 2 × F 2 . Then G contains a finite index subgroup G ′ and a finitely generated non-abelian free subgroup H such that H É G ′ and the quotient space G ′ /H is quasi-isometric to F 2 .
This motivates the study of almost normal subgroups and their quotient spaces as a means to understanding the coarse geometry of finitely generated groups.
To show quasi-isometric rigidity of almost normal subgroups, we apply the coarse topological techniques developed in [Mar18] . To do this, we need to assume that the almost normal subgroup is a coarse Poincaré duality group. These were defined in [KK05] and used extensively in the work of MosherSageev-Whyte [MSW03, MSW11] and Papasoglu [Pap07] . We do not give a definition here, but note that the archetypal example of a coarse Poincaré duality group of dimension n, or coarse P D n group, is the fundamental group of a closed aspherical n-manifold. In particular, they include finitely generated free abelian groups and more generally, virtually polycyclic groups. The class of coarse Poincaré duality groups is closed under quasi-isometries.
We demonstrate that under suitable hypotheses, if a group contains an almost normal coarse P D n subgroup, then any group quasi-isometric to it also contains such a subgroup, and the associated coarse bundle structure is preserved by quasi-isometries. Theorem 1.4. Fix n ≥ 1. Let G be a group of type F n+1 and H É G be a coarse P D n subgroup with e(G/H) ≥ 3. Suppose G ′ is a finitely generated group quasi-isometric to G. Then G ′ contains an almost normal coarse P D n subgroup H ′ such that H is quasi-isometric to H ′ and G/H is quasiisometric to G ′ /H ′ . Theorem 1.4 is the main result of this article. We hope that this theorem and the methods used to prove it will have many more applications in quasi-isometric rigidity and classification results. Theorem 1.4 will be deduced from Theorem 4.1, a more technical and quantitative statement that is needed to prove the preceding applications. Theorem 1.4 and many of its applications actually hold under the weaker assumption that G is only of type F P n+1 , a homological analogue of type F n+1 .
Recall that a subgroup H ≤ G is said to be characteristic if it is preserved by every automorphism of G. Analogously, we say that a subgroup H ≤ G of a finitely generated group is coarsely characteristic if it is coarsely preserved by every quasi-isometry of G, i.e. for every quasi-isometry f : G → G, H and f (H) are at finite Hausdorff distance. Every coarsely characteristic subgroup is easily seen to be almost normal, see Proposition 3.12. A key step in our proof of Theorem 1.4 is a partial converse: Theorem 1.5 (c.f. Lemma 4.8). If G is a group of type F n+1 and H É G is a coarse P D n subgroup with e(G/H) ≥ 3, then H is coarsely characteristic. The e(G/H) ≥ 3 hypothesis in Theorem 1.4 is needed to apply the coarse topological techniques of [Mar18] and deduce that H is coarsely characteristic. Indeed, both Z 2 and Z 3 have an infinite cyclic normal subgroup that is not coarsely characteristic. Similarly, if M is a fibred hyperbolic 3-manifold, then the normal subgroup π 1 (S) ⊳ π 1 (M ) is not coarsely characteristic. Theorem 1.4 generalises [MSW03, Theorem 2], which proves the special case where the quotient space G/H is quasi-isometric to a finite valence tree with infinitely many ends. To see this, we explain how to reformulate the hypotheses of Theorem 1.4 in terms of graphs of groups.
We first make the following observation: if a finitely generated group G contains a normal subgroup H ⊳ G such that the quotient K = G/H has more than one end, then G splits as an amalgamated free product or HNN extension over a finite extension of H. This can be seen by applying Stallings' theorem to the quotient. If K is assumed to be finitely presented, then by applying [Dun85] to K, we see that G splits as a finite graph of groups whose edge groups are finite extensions of H and no vertex group splits over a finite extension of H. A similar statement holds in the situation when H is only assumed to be almost normal:
Theorem 3.24. If G is finitely presented and H É G is finitely generated, then G is the fundamental group of a finite graph of groups such that: THE GEOMETRY OF GROUPS CONTAINING ALMOST NORMAL SUBGROUPS 5
(1) every edge group is commensurable to H; (2) every vertex group is finitely generated and doesn't split over a subgroup commensurable to H.
This can be deduced by applying Dunwoody accessibility to the quotient space G/H [Dun85] . Theorem 3.24 demonstrates a form of accessibility over a family of subgroups that are not necessarily small in the sense of [BF91] . Similar applications of Dunwoody's accessibility theorem to nonproper actions appear in the setting of totally disconnected locally compact groups [KM08] . We can use Theorem 3.24 to reformulate Theorem 1.4: Corollary 4.10. Let G be a group of type F n+1 . Suppose that G is the fundamental group of a graph of groups G with the following properties:
(1) the associated Bass-Serre tree has at least three ends; (2) all conjugates of all edge groups are coarse P D n groups and are commensurable to one another; (3) each vertex group is finitely generated and doesn't split over a subgroup commensurable to one of its incident edge groups. If G ′ is a finitely generated group quasi-isometric to G, it is also the fundamental group of a graph of groups satisfying (1)-(3).
We can also prove a partial quasi-isometric classification theorem. If G is a graph of groups satisfying (1)-(3) as above, a vertex group is said to be essential if it is not commensurable to an incident edge group. If a vertex group G v is essential, any incident edge group G e is almost normal in G v with e(G v /G e ) ≥ 1. A quasi-isometry f : G v → G ′ v ′ is fibre-preserving if whenever G e and G ′ e ′ are edge groups incident to G v and G ′ v ′ , f sends left cosets of G e to within uniform finite Hausdorff distance of left cosets of G ′ e ′ . In particular, if f is fibre-preserving it induces a quasi-isometry
spaces. Theorem 4.11. Let G and G ′ be groups of type F n+1 that are fundamental groups of finite graphs of groups G and G ′ satisfying conditions (1)-(3) of Corollary 4.10. Suppose that G and G ′ are quasi-isometric. Then for each essential vertex group G v of G, there is an essential vertex group G ′ v ′ of G ′ and a fibre-preserving quasi-isometry
A complete quasi-isometric classification for such groups is likely to be very difficult and is beyond the scope of this article. However, Farb-Mosher and Whyte have obtained quasi-isometric classification results in special cases [FM98, FM00, FM02a, Why01, Why10] .
A solvable Baumslag-Solitar group is a group of the form BS(1, n) = a, t | tat −1 = a n for some n > 1. An important application of Theorem 1.4 is quasi-isometric rigidity for solvable Baumslag-Solitar groups, originally proven by Farb and Mosher [FM99] .
Theorem 1.6 ([FM99]).
A finitely generated group quasi-isometric to a solvable Baumslag-Solitar group has a finite index subgroup isomorphic to a solvable Baumslag-Solitar group.
Proof. Using Corollary 4.10 and Theorem 4.11 we deduce that as BS(1, n) is the fundamental group of a graph of two-ended groups, so is G. Moreover, BS(1, n) has exponential growth and is solvable. Thus G has exponential growth and is amenable. In particular, G is not virtually Z 2 and cannot contain a non-abelian free group. Thus G is an ascending HNN extension of a 2-ended group, so contains a finite index solvable Baumslag-Solitar subgroup.
We claim no originality for the preceding proof, which is well-known to experts and can be easily be deduced from either [MSW03] , [Pap05] or [Pap07] without the use of Corollary 4.10. However, it is included to illustrate the power of the coarse topological techniques in this paper.
An important object in geometric group theory is the quasi-isometry group of a space, i.e. the group of all quasi-isometries modulo an appropriate equivalence relation. We can use the results of this paper to deduce the following: Corollary 1.7. Let G and H be as in Theorem 1.4. Then there is a homo-
This sort of observation is the starting point in the calculation of quasiisometry groups of solvable Baumslag-Solitar groups and surface-by-free groups in [FM99] and [FM02a] .
We give an outline of the paper. Section 2 consists of background and preliminaries. In Section 3 we introduce the notion of coarse bundles and investigate their coarse geometric properties. In Section 4 we prove Theorems 1.4 and 4.11. Section 5 introduces the fibre distortion function, a quasi-isometry invariant that is used to prove Theorems 5.10 and 5.16. In Appendix A we give an account of Mosher's work on "fibre-respecting quasiisometries" of surface group extensions [Mos03a] . We then combine Mosher's results with the main result of this article to deduce Theorem A.19.
Our results build on work of Vavrichek, who uses [Pap05] to prove part of Theorem 1.4 in the case where H is two-ended. Many of the ideas in this article are inspired by work of Whyte [Why01, Why10] , particularly in Section 5.
The author would like to thank Panos Papasoglu, Michah Sageev and Ian Leary for helpful conversations.
Preliminaries
Much of this material is discussed in greater detail in [Mar18] .
Coarse geometry. Let (X, d) be a metric space. For ∅ = A ⊆ X and x ∈ X, we set d(x, A) := inf a∈A d(x, a). We define N r (A) := {x ∈ X | d(x, A) ≤ r}. If A = {a}, we also denote N r (A) by N r (a). We say that X has bounded geometry if there is a function M : R ≥0 → R ≥0 such that for all r ∈ R ≥0 and x ∈ X, |N r (x)| ≤ M (r). The Hausdorff distance between two subsets A, B ⊆ X is defined to be
In general, this infimum is not achieved. However, the infimum is achieved when X is a finitely generated group equipped with the word metric, since then d(X × X) ⊆ N is discrete.
Recall that a function φ : R ≥0 → R ≥0 is proper if the inverse images of compact sets are compact.
Definition 2.1. Let (X, d X ) and (Y, d Y ) be metric spaces and let η, φ :
We say that f is a coarse embedding if it is an (η, φ)-coarse embedding for some η and φ. We say that η and φ are the distortion functions of f . A coarse equivalence is a coarse embedding f :
Remark 2.2. For each proper non-decreasing function φ : R ≥0 → R ≥0 , we define another proper non-decreasing function φ :
). This can be thought of as a sort of inverse to φ in the sense that if φ(S) ≤ R, then S ≤ φ(R), and if R < φ(S), then φ(R) ≤ S.
We are particularly interested in the following subclass of coarse embeddings: (1) for all x, x ′ ∈ X,
We say that f is a quasi-isometry if there exist K ≥ 1 and A ≥ 0 such that f is a (K, A)-quasi-isometry.
We say that f, g : X → Y are A-close if sup x∈X d(f (x), g(x)) ≤ A, and we say that f and g are close if they are A-close for some A < ∞. A coarse inverse to f : X → Y is a function f : Y → X such that f • f and f • f are close to id Y and id X . Every quasi-isometry has a coarse inverse. Being close defines an equivalence relation on the set of all quasi-isometries from X to X, and we let [f ] denote the equivalence class containing f . We can thus define a group QI(X) :
A key idea in geometric group theory is that a finitely generated group can be equipped with the word metric with respect to a finite generating set. It is an easy exercise to see that if we equip a group with two different word metrics with respect to two finite generating sets, these metrics are quasi-isometric. This motivates the study of groups up to quasi-isometry. Throughout this article, whenever a finitely generated group is considered as a metric space, it will always be equipped with the word metric with respect to some finite generating set unless explicitly stated.
The following lemma motivates our interest in more general coarse embeddings whose distortion functions are not necessarily affine.
Lemma 2.4 (e.g. see [Roe03, Remark 1.20] ). Let G be a finitely generated group containing a finitely generated subgroup H ≤ G. Let d H and d G be word metrics of H and G with respect to finite generating sets. Then the
A space is said to be quasi-geodesic if it is quasi-isometric to a geodesic metric space. For example, a finitely generated group G equipped with the word metric is quasi-geodesic but not geodesic (unless G is the trivial group). If a metric space is quasi-geodesic, it can be approximated by a simplicial complex known as the Rips complex.
Definition 2.5. Given a metric space (X, d) and a parameter r ≥ 0, the Rips complex P r (X) is a simplicial complex with vertex set X such that {x 0 , . . . , x n } spans a simplex if d(x i , x j ) ≤ r for all 1 ≤ i, j ≤ n. The Rips graph P 1 r (X) is the 1-skeleton of P r (X). If P 1 r (X) is connected, it can be equipped with the induced path metric in which all edges have length 1. The following proposition relates this metric to the original metric on X. A t-chain of length n from x to y is a sequence of points
Proposition 2.6 (special case of Proposition 2.5 of [Mar18] ). Let (X, d) be a metric space. The following are equivalent:
(1) X is a quasi-geodesic metric space; (2) there exist constants K ≥ 1 and A, t ≥ 0 such that any x, y ∈ X can be joined by a t-chain of length at most Kd(x, y) + A; (3) there exists a t ≥ 0 such that for all r ≥ t, the Rips graph P 1 r (X) is connected and the inclusion X → P 1 r (X) is a quasi-isometry. The following lemma gives an intrinsic characterisation of the image of a coarsely embedded quasi-geodesic metric space.
Lemma 2.7. Let Y be a metric space and W ⊆ Y . The following are equivalent:
(1) There is a quasi-geodesic metric space X, unique up to quasi-isometry, and a coarse embedding f :
There exists a t ≥ 0 and a proper non-decreasing function η : R ≥0 → R ≥0 such that every x, y ∈ W can be joined by a t-chain in W of length at most η(d(x, y)). Moreover, t and η in (2) depend only the distortion functions of f : X → Y and vice versa.
Proof. We equip W ⊆ Y with the subspace metric.
(1) =⇒ (2): Since d Haus (f (X), W ) < ∞, we can modify f by a bounded amount so that f (X) ⊆ W . Thus f can be thought of as a coarse equivalence f : X → W . Since W is coarsely equivalent to a geodesic metric space, Proposition 2.5 of [Mar18] tells us that W satisfies (2).
(2) =⇒ (1): It follows from Proposition 2.5 of [Mar18] and (2) that W is coarsely equivalent to a (quasi-)geodesic metric space X, and so there is a coarse embedding f : X → Y with image W . If W is also coarsely equivalent to a quasi-geodesic metric space X ′ , then X and X ′ are quasi-geodesic metric spaces that are coarsely equivalent. Since every coarse equivalence between quasi-geodesic metric spaces is a quasi-isometry, we conclude that X and X ′ are quasi-isometric.
By a slight abuse of notation, we say that W ⊆ Y is coarsely embedded in Y if it satisfies one of the two equivalent conditions in Lemma 2.7.
Most of the spaces that we work with are discrete geodesic metric spaces in the following sense:
Definition 2.8. Let (X, d) be a metric space. A discrete geodesic between x, y ∈ X is a sequence of points x = x 0 , x 1 , . . . , x n = y such that d(x i , x j ) = |i − j|. We say that X is a discrete geodesic metric space if every pair of points can be joined by a discrete geodesic.
Remark 2.9. If X is quasi-geodesic, it follows from Proposition 2.6 that X can be remetrised by identifying it with the vertex set of the Rips graph P 1 r (X) for large enough r. This new metric is quasi-isometric to the original metric and is a discrete geodesic metric space. Thus every quasi-geodesic metric space can be remetrised to be a discrete geodesic metric space. Moreover, any group action by isometries on X induces a group action by isometries on the remetrised discrete geodesic space.
We will require the following technical result: Coarse separation and ends. In what follows, we assume that (X, d) is a discrete geodesic bounded geometry metric space. Given a subset C ⊆ X, we define the coarse boundary ∂C to be {x ∈ X | d(x, C) = 1}. We say that C ⊆ X is a coarse complementary component of W ⊆ X if there exists an A ≥ 0 such that ∂C ⊆ N A (W ). The intersection, complement, union and symmetric difference of two coarse complementary components of W is again a coarse complementary component of W, as shown in [Mar18] .
A coarse complementary component is said to be deep if it is not contained in N A (W ) for any A ≥ 0. Otherwise it is said to be shallow. A collection of coarse complementary components {C i } i∈I is said to be coarse disjoint if C i ∩ C j is shallow for every distinct i, j ∈ I. We say that W coarsely n-separates G if there exist n deep, coarse disjoint, coarse complementary components of W in G. Coarse complementary components and coarse separation are quasi-isometry invariants. We caution the reader that coarse complementary components are not necessarily coarsely connected.
The following definition is slightly non-standard, but agrees with other definitions of ends.
Definition 2.11. Let X be a discrete geodesic, bounded geometry metric space. We define the number of ends of X to be e(X) := sup{n ∈ N | X is n-separated by a point}.
In the case where W is a subgroup of G, coarse complementary components and coarse n-separation can be characterised in terms of more classical notions of almost invariant subsets and Kropholler-Roller number of relative ends, denotedẽ(−, −) [KR89] . Although we do not define these notions here, the following proposition can be thought of as a definition for the purposes of this article.
Proposition 2.12 ([Mar18, Propositions 5.14 and 5.15]). Let G be a finitely generated group and H ≤ G be a subgroup.
(1) C ⊆ G is a coarse complementary component of H if and only if it is an H-almost invariant subset; (2) H coarsely n-separates G if and only ifẽ(G, H) ≥ n.
Bowditch's coends and Geoghegan's filtered ends are alternative interpretations of relative ends of groups [Bow02, Geo08] .
Finiteness properties and coarse topology. We define finiteness properties of groups, which generalise the notion of being finitely generated and presented. All homology and cohomology will be taken with coefficients over Z 2 .
Definition 2.13. We say that a group G has type F n if there exists a K(G, 1) with finite n-skeleton. We say that a group G has type F P n over a ring R if the trivial RG module R has a projective resolution P • → R with P i finitely generated for i ≤ n.
Throughout this article, it will be assumed that type F P n means type F P n over Z 2 . Finiteness properties can be characterised geometrically. To see this, we need the following definitions:
Definition 2.14. Let X be a metric space and n ≥ 0.
(1) We say that X is coarsely uniformly n-connected if for all i, r, there exists a j = j(i) ≥ i and s = s(i, r) ≥ r such that for all k ≤ n and x ∈ X, the map
induced by inclusion, is zero. (2) We say that X is coarsely uniformly n-acyclic if for all i, r, there exists a j = j(i) ≥ i and s = s(i, r) ≥ r such that for all k ≤ n and x ∈ X, the map
induced by inclusion, is zero.
As these properties are quasi-isometry invariants, the following theorem then demonstrates that finiteness properties are quasi-isometry invariants.
Theorem 2.15 ( [KK05] , [DK18] ). Let G be a finitely generated group.
(1) G is of type F n if and only if it is coarsely uniformly (n − 1)-connected. (2) G is of type F P n if and only if it is coarsely uniformly (n−1)-acyclic.
The definition of coarse connectedness and acyclicity is somewhat difficult to work with as the property cannot be phrased in terms of a single Rips complex. However, in the case n = 1, things are simpler:
Lemma 2.16. Suppose X is a coarsely 1-acyclic, discrete geodesic metric space. Then there exists an r such that P r (X) is 1-acyclic.
Proof. As X is coarsely 1-acyclic, there is an r ≥ 1 such that for k = 0, 1, the mapH k (P 1 (X)) →H k (P r (X)), induced by inclusion, is zero. Let σ = [x, y] be a 1-simplex in P r (X). There exists a discrete geodesic x = x 0 , x 1 , . . . , x n = y from x to y in X, where
is a 2-simplex in P r (X), and so ∂(
It follows that every reduced 1-cycle in P r (X) is homologous to one in P 1 (X), thus P r (X) is 1-acyclic.
We make use of the following class of spaces, defined in [MSW03] , that allow us to apply both topological and metric arguments.
Definition 2.17. A metric cell complex consists of the pair (X, X), where X is a connected cell complex, X is a bounded geometry metric space called the control space, and there is a function p from the set of cells of X to X such that:
(
with attaching map φ e , {p(e)}∪ {p(f ) | f ∩ im(φ e ) = ∅} has diameter at most M d ; (3) p(X (0) ) = X. We say that a group G acts on (X, X) if G acts on both X and X and the map p is G-equivariant. Such an action is free if the corresponding action of G is free on X.
Almost all examples of metric cell complexes arising in this paper come from the following construction:
Example 2.18. Suppose a finitely generated group G, equipped with the word metric, acts freely and cocompactly on a cell complex X. We define p arbitrarily on a transversal for the set of G-orbits of cells and extend p equivariantly. Thus (G, X) is a metric cell complex admitting a free G action.
Remark 2.19. In fact, there is a much more general class of objects called metric complexes that were defined in [KK05] and used extensively in [Mar18] . For readability and conciseness, we will not define these objects here. However, it will be clear to those familiar with the theory of metric complexes that all arguments in this article extend to the setting of metric complexes.
Definition 2.20. Let (X, X) be a metric cell complex. Given a subset A ⊆ Y , we define X[A] to be the largest subcomplex of X such that p(e) ∈ A for every cell e in X[A]. We say that (X, X) is uniformly n-connected if for all r, there exists an s ≥ r such that for all x ∈ X and k ≥ n, the map
There is a corresponding notion of uniform n-acyclicity for metric cell complexes and more generally, metric complexes.
Proposition 2.21 ([Mar18, Proposition 3.20]). Let (X, d) be a bounded geometry metric space. Then:
(1) X is coarsely uniformly n-connected if and only if it is the control space of a uniformly n-connected metric cell complex. (2) X is coarsely uniformly n-acyclic if and only if it is the control space of a uniformly n-acyclic metric complex. Moreover, if X = G is a finitely generated group equipped with the word metric, we can assume that the resulting metric cell complex in (1) and (2) admits a free G-action.
Given a metric complex (X, X), we define the support of (cellular) chains and cochains as follows. If {σ i } i∈I is the set of k-cells of X, then the support of a chain i∈I n i σ i ∈ C k (X) is defined to be {p(σ i ) | n i = 0}. Similarly, the support of a cochain α ∈ C k (X) is defined to be {p(σ i ) | α(σ i ) = 0}. We define compactly supported cochains as cochains α with supp(α) finite. Compactly supported cochains form a subcochain complex C • c (X) and we thus define the compactly supported cohomology H * c (X) as the cohomology of this cochain complex.
In [Mar18] , the author defines a coarse version of cohomology; see also [Roe93] and [KK05] . The definition can be extended to coarsely uniformly (n − 1)-acyclic metric spaces using the theory of metric complexes.
Definition 2.22. Let X be a bounded geometry, coarsely uniformly (n − 1)-connected metric space. Then for
, where X is a uniformly (n − 1)-connected metric complex with control space X.
This is invariant under quasi-isometries. Moreover, a coarse embedding
We can now define coarse P D n spaces.
Definition 2.23. Let (X, X) be a uniformly acyclic metric cell complex. We say that X is a coarse P D n complex if there exists a number R, chain maps
and chain homotopiesP
(X) and P •PΦ ≃ id C•(X) such that: (1) for every chain σ, supp(P (σ)) and supp(Φ(σ)) are contained in N R (supp(σ)); (2) for every cochain α, supp(P (α)) and supp(Φ(α)) are contained in N R (supp(α)). A metric space is said to be coarse P D n if it is the control space of some coarse P D n complex. A coarse P D n group is a finitely generated group that is a coarse P D n space.
If X is a coarse P D n space, then H n coarse (X) ∼ = Z 2 and H k coarse (X) = 0 for k = n. We refer to [KK05] for a more thorough treatment of coarse P D n complexes and spaces. We recall the following useful fact about coarse P D n spaces, generalising an earlier result of Farb-Schwartz [FS96] . 
We now define the technical hypothesis in the main theorem of [Mar18] :
Definition 2.25. Let X be a bounded geometry, coarsely uniformly nacyclic metric space containing a coarse [Mar18] for a thorough of discussion of essential components.
In [KK05] , Kapovich and Kleiner prove a coarse version of Jordan separation: a coarse P D n space W coarsely separates a coarse P D n+1 space into precisely two deep coarse complementary components. We say that such a component is a coarse P D n+1 half-space with boundary W . We will make use of the following criterion for showing coarse complementary components are essential.
Lemma 2.26 ([Mar18, Corollary 6.7]). Let X be a bounded geometry, coarsely uniformly n-acyclic metric space containing a coarse P D n subspace W ⊆ X. If a coarse complementary component C of W contains a coarse P D n+1 half-space with boundary W, then C is essential.
We now state part of the main theorem of [Mar18] : Mar18] ). Let G be a group of type F P n+1 . If W ⊆ G is a coarse P D n subspace that coarsely separates G into three essential coarse complementary components, then there is a subgroup H ≤ G with
To prove Theorem 1.4, we not only need Theorem 2.27, but some of the ingredients used to prove it. Specifically, we require the following lemma.
Lemma 2.28 ([Mar18, Proposition 5.19 and Lemma 6.13]). Let X be a bounded geometry metric space and let (X, X) be a uniformly n-connected metric cell complex. Suppose W ⊆ X is a coarse P D n subspace and that C 1 , C 2 and C 3 are coarse disjoint, essential, coarse complementary components of W . Then there exist constants D, E ≥ 0 such that:
(1) there exist non-zero, distinct cohomology classes
(2) α i can be represented by a cocycle supported in
) is a cohomology class represented by cocycles supported in any two of
Coarse bundles
In this section we introduce coarse bundles, one of the key concepts of this article. Similar definitions appear in [FM00], [KK05] and [Why10] .
be bounded geometry, quasigeodesic metric spaces. We say that X is a coarse bundle over B with fibre F if there are constants K ≥ 1, A, E ≥ 0, proper non-decreasing functions η, φ : R ≥0 → R ≥0 and a map p : X → B such that:
When the above holds, we say that p : X → B is a (K, A, E)-coarse bundle, or simply a coarse bundle. We call X the total space, B the base space and F the fibre.
Remark 3.2. Given a coarse bundle p : X → B and a fibre D b as above, the space F can be recovered from D b up to quasi-isometry using Lemma 2.7. Thus there is no ambiguity in referring to D b as a fibre, as it is just a distorted copy of F sitting inside X. Proposition 3.3. Suppose that p : X → B is a coarse bundle with fibre F and that f : Y → X is a quasi-isometry. Then p • f : Y → B is also a coarse bundle with fibre F . Proposition 3.3 can be deduced from Lemma 3.10. Most of the coarse bundles that we are interested in satisfy the following:
We say that p : X → B is quasihomogeneous if there exist constants K ≥ 1 and A ≥ 0 such that for all x, y ∈ X, there is an A-fibre-preserving
Quasi-homogeneity of coarse bundles is easily seen to be a quasi-isometry invariant. The following lemma follows from the preceding definitions.
Lemma 3.5. Let p : X → B be a quasi-homogeneous coarse bundle and x 0 ∈ X be a basepoint. Then there exist constants K ≥ 1 and A ≥ 0 such that for every x ∈ X:
A-close to the identity.
Arbitrary quasi-isometries between coarse bundles don't preserve the coarse bundle structure. However, if two coarse bundles are quasi-isometric via a fibre-preserving quasi-isometry, then it follows from Proposition 2.10 that the fibres are quasi-isometric. Moreover, the following lemma demonstrates that the base spaces are quasi-isometric:
The constants K ′ and A ′ depend only on K and A.
Proof. By hypothesis, such a functionf exists and is coarsely well-defined. We need only show thatf is a quasi-isometry. By increasing K and A if necessary, we may assume that p : X → B and p ′ :
It follows from the definition off that there is a y ∈ Df (b)
Thusf is indeed a quasi-isometry.
Definition 3.7. Let p : X → B be a coarse bundle, let W be a bounded geometry quasi-geodesic metric space, and let λ : W → B be a coarse embedding. Then the pullback bundle is a coarse bundle p W : X W → W equipped with a coarse embedding λ : X W → X and a constant R ≥ 0 such that for every
Proposition 3.8. Let p : X → B, W and λ be as above. Then the pullback bundle p W : X W → W always exists and is unique up to quasi-isometry
To prove this, we require the following lemma.
Lemma 3.9. Suppose p : X → B is a (K, A, E)-coarse bundle and λ : W → B is a coarse embedding. Then there exists a quasi-geodesic metric space X W and a coarse embeddingλ : X W → B such that
Proof. We recall that a subset of a metric space is said to be coarsely embedded if it satisfies one of the conditions of Lemma 2.7. By Lemma 2.7, it is sufficient to show that Y := p −1 (N E (im(λ))) is coarsely embedded. It follows from Lemma 2.7 and Definition 3.1 that there exists a t > 0 and a proper non-decreasing function η : R ≥0 → R ≥0 such that for each b ∈ B, every x, y ∈ D b can be joined by a t-chain in D b of length at most η(d(x, y)). Since im(λ) is coarsely embedded, we can take t and η sufficiently large so that every x, y ∈ im(λ) can be joined by a t-chain in im(λ) of length at most
Kd(x, y) + A + 2E, and so b x and b y can be joined by a t-chain in im(λ) of length at most η(Kd(x, y) + A + 2E) =:
We can thus "lift" this t-chain in im(λ) to a (Kt + A)-chain in Y from x to some z ∈ D by of length at most M . Now observe that z, y ∈ D by and that d(z, y) ≤ d(x, y) + M (Kt + A). Therefore z and y can be joined by a t-chain in D by ⊆ Y of length at most η(d(x, y) + M (Kt + A)). Thus x and y can be joined by a (Kt + A)-chain in Y of length at most
The result now follows since N can be expressed as a proper non-decreasing function of d(x, y).
Proposition 3.8 follows from Lemma 3.9 and the following lemma:
Lemma 3.10. Let p : X → B be a (K, A, E)-coarse bundle, let W and X W be quasi-geodesic metric spaces, and let λ : W → B and λ : X W → X be coarse embeddings such that
Then there are constants
Proof. We may choose K ≥ 1, t, A, E ≥ 0 and proper non-decreasing functions η and φ such that:
• λ : W → B is an (η, φ)-coarse embedding.
• p : X → B is a (K, A, E)-coarse bundle.
• Every x, y ∈ W can be joined by a t-chain of length at most Kd W (x, y)+ A.
• There is a quasi-geodesic metric space X W and an (η, φ)-coarse embeddingλ :
The existence of X W andλ follows from Lemma 3.9.
• Every x, y ∈ X W can be joined by a t-chain of length at most
The existence of such a p W follows from our choice of λ. We show that p W : X W → W is a coarse pullback of λ.
We define E ′ := η(2KA + 2A + 2E) and claim that p W : X W → W is a (K ′ , A ′ , E ′ )-coarse bundle for some K ′ ≥ 1 and A ′ ≥ 0 to be determined. We first show that p W is coarse Lipschitz. For any x, y ∈ X W , we have
Thus there is a number
Recall that any x, y ∈ X W can be joined by a t-chain of length at most Kd X W (x, y) + A. Thus p W (x) and p W (y) can be joined by an M -chain of length Kd X W (x, y) + A, and so
As in Definition 3.1, we define the fibres of p W :
, where s λ(w) is in Definition 3.1. We thus define a coarse embedding s w :
It is straightforward to verify that for some A ′ sufficiently large,
for all w ∈ W . The remainder of the proof follows easily from the definitions.
Our main examples of coarse bundles are finitely generated groups containing almost normal subgroups. Many basic facts concerning almost normal subgroups are proven in [CM14] . For instance:
Proof. It is sufficient to prove the lemma in the case that H is a finite index subgroup of H ′ or vice-versa, which is proved in Lemma 3.10 of [CM14] .
We frequently make use of the following characterisation of almost normal subgroups, also shown in [Vav13] and [CM14] .
Proposition 3.12. Let G be a finitely generated group with H ≤ G. The following are equivalent:
(1) H É G;
(2) for every g ∈ G, the coset gH is at finite Hausdorff distance from H. This characterisation allows us to define the quotient space G/H.
Definition 3.13. Given a finitely generated group G and an almost normal subgroup H É G, the quotient space G/H is the set of left cosets of H,
The natural left action of G on G/H is an isometric action.
Proposition 3.14. Let G be a finitely generated group with H É G finitely generated and let p : G → G/H be the quotient map g → gH. Then G is a quasi-homogeneous coarse bundle over G/H with fibre H.
Proof. We fix a generating set S of G and let d be the corresponding word metric on G. We set K := max s∈S d Haus (H, sH) and claim that p : G → G/H is a (K, 0, 0)-coarse bundle. We first note that G/H has bounded geometry. This follows from the fact that G has bounded geometry and distinct cosets are disjoint. We use Proposition 2.6 to show that the quotient space G/H is quasigeodesic. If gH, kH ∈ G/H, then there is an h ∈ H with d(g, kh) ≤ d Haus (gH, kH). Since S is a generating set, g −1 kh = s 1 . . . s t where t ≤ d Haus (gH, kH) and for each i, either s i or its inverse is contained in S. Then for every i
demonstrating that gH and kH can be joined by a K-chain of length at most d Haus (gH, kH).
To prove (1) of Definition 3.1, we pick g, k ∈ G and we note the above argument shows gH and kH can be joined by a K-chain in G/H of length at most d(g, k).
. Condition (2) of Definition 3.1 follows easily from Lemma 2.4 and the fact that left multiplication in (G, d) is isometric. The metric defined on G/H ensures that (3) is automatically true. Quasi-homogeneity of the coarse bundle is also evident, since the transitive action of G on itself permutes the set of left H-cosets.
Another construction of the quotient space is carried out in [KM08]:
Definition 3.15. Let G be a group and H be an almost normal subgroup such that G is finitely generated relative to H, i.e. there exists a finite set S ⊆ G such that S ∪ H generates G. Then the rough Cayley graph is a graph with vertex set G/H and edge set {(gH, gsH) | s ∈ S, g ∈ G}.
It is shown in [KM08] that the rough Cayley graph is locally finite and is well-defined up to quasi-isometry. The main focus of [KM08] is the situation in which G is a totally disconnected locally compact group and H is a compact open subgroup; in this case the rough Cayley graph is frequently referred to as the Cayley-Abels graph. In the case where G is finitely generated, it is not hard to see that the quotient space G/H is equivariantly quasi-isometric to the rough Cayley graph of G with respect to H, see also [CM14] .
Lemma 3.16. Let X and B be discrete geodesic metric spaces and let p : 
In both cases, C is deep if and only if C ′ is.
Corollary 3.17. Suppose X and B are discrete geodesic metric spaces and that p : X → B is a coarse bundle. Let b 0 ∈ B. Then D b 0 coarsely nseparates X if and only if B has at least n ends. In particular, if G is a finitely generated group containing a finitely generated subgroup H É G, theñ e(G, H) = e(G/H).
Proof. If D b 0 coarsely n-separates X, we can choose n deep, coarse disjoint, coarse complementary components C 1 , . . . , C n of D b 0 . Lemma 3.16 ensures there is an E such that each C ′ i := N E (p(C i )) is a deep coarse complementary component of b 0 . Moreover, for i = j we see that C ′ i and C ′ j are coarse disjoint since C i and C j are. Thus B has at least n ends. A similar argument demonstrates that D b 0 coarsely n-separates X if B has at least n ends. We recall from Proposition 2.12 that H coarsely n-separates G if and onlỹ e(G, H) ≥ n. It follows thatẽ(G, H) = e(G/H).
The following corollary is essentially due to Hopf [Hop44] , since any connected locally finite vertex-transitive graph has exactly 0, 1, 2 or infinitely many ends and G/H is quasi-isometric to a vertex-transitive graph, namely the rough Cayley graph. See also [KR89] and [CM14] .
Corollary 3.18. Let G be a finitely generated group and H É G be an almost normal subgroup. Then e(G/H) =ẽ(G, H) = 0, 1, 2 or ∞. This is no longer true if we drop the assumption that H É G, since theñ e(G, H) can take any value in N ∪ ∞; see [KR89] . Corollary 3.18 tells us that the e(G/H) ≥ 3 hypothesis in Theorem 1.4 is equivalent to the a priori stronger hypothesis e(G/H) = ∞.
We now relate coarse complementary components to group actions on trees. A minimal action of a group G on a tree T is one in which no proper subtree of T is fixed by G. Given an edge e ∈ ET with midpoint m e , the components of T \m e are called halfspaces based at e.
Lemma 3.19. Suppose G is a finitely generated group which acts minimally on a tree T . Let v 0 ∈ V T be a basepoint. If e ∈ ET is an edge with stabiliser H and h is a halfspace based at e, then
Proof. It is a well known fact that C h is an H-almost invariant subset, see for instance [Sco78, Lemma 1.8]. Thus Proposition 2.12 tells us that C h is a deep coarse complementary component of H.
Corollary 3.20. Let G be a finitely generated group and H É G. Suppose G acts minimally on a tree T , all of whose edge stabilisers are commensurable to H. Then e(T ) ≤ẽ(G, H).
Proof. We fix a basepoint v 0 ∈ V . If e(T ) ≥ n, we choose halfspaces h 1 , h 2 , . . . , h n that are pairwise disjoint. Since all edge stabilisers are commensurable to H, C h 1 , C h 2 , . . . , C hn are a disjoint collection of deep coarse complementary components of H. Thus H coarsely n-separates G and so Proposition 2.12 ensuresẽ(G, H) ≥ n.
It is well-known that the quotient of a finitely presented group by a finitely generated group is finitely presented. The following proposition is a geometric analogue of this fact.
Proposition 3.21. Let G be a group of type F P 2 with H É G finitely generated. Then G/H is coarsely 1-acyclic.
Lemma 3.22. For each r ≥ 0, there is a t ≥ r and a simplicial map
Proof. By Proposition 3.14, the quotient map p : G → G/H is a (K, A, E)-coarse bundle for some K, A and E. Thus whenever [g 0 , . . . , g n ] is a simplex of P r (G), d Haus (g i H, g j H) ≤ Kd(g i , g j ) + A ≤ Kr + A for all i, j, and so [g 0 H, . . . , g n H] is a simplex of P Kr+A (G/H).
Proof of Proposition 3.21. By Theorem 2.15 and Lemma 2.16, we can pick r sufficiently large such that P r (H) and P r (G/H) are connected and P r (G) is 1-acyclic. We pick t ≥ r so that Lemma 3.22 holds. It is sufficient to show that every loop in P r (G/H) of the form
is the boundary of some 2-chain in P t (G/H). We do this by lifting σ to a cycleσ in P r (G). We setx 0 := x 0 . We inductively definex i as follows: since
We thus get a pathx 0 , . . . ,x n in P r (G), wherex 0 H =x n H = x 0 H. Since P r (H) is connected, we choose a path (x n ,x n+1 , . . . ,x m =x 0 ) in P r (x 0 H). Thus σ := (x 0 , . . . ,x m ) is a loop in P r (G) such that φ # (σ) = σ, with φ as in Lemma 3.22. By assumption, there is an ω ∈ C 2 (P r (G)) such that ∂ω =σ, and hence ∂φ # (ω) = φ # (σ) = σ as required.
We can now prove Theorem 3.24, which is a relative version of Dunwoody accessibility. We recall the graph theoretic interpretation of Dunwoody accessibility, first noted in [MSW03] . See also [DK18] .
Theorem 3.23 ([Dun85]
). Let X be a 2-dimensional, locally finite, 1-acyclic simplicial complex with Aut(X) acting cocompactly on X. There exists a collection of disjoint compact tracks {τ i } that is Aut(X)-invariant, has finitely many Aut(X) orbits, and every component of X\ ∪ i τ i has at most one end.
Theorem 3.24. If G is finitely presented and H É G is finitely generated, then G is the fundamental group of a finite graph of groups such that:
Proof. As in Remark 2.9, we can remetrise G/H to be a discrete geodesic metric space, which we denote Y . It follows from Proposition 3.21 that Y is a coarsely 1-acyclic. Thus Lemma 2.16 ensures that P s (Y ) is 1-acyclic for some sufficiently large s. Let X := P s (Y ) (2) . By applying Theorem 3.23 to X, we see that there exists a collection of finite disjoint tracks {τ i }, containing finitely many G-orbits, such that every component of X \ ∪{τ i } has at most 1 end. Let T be the dual tree to {τ i }. By subdividing edges if necessary, we may assume that G T without edge inversions. We claim that the stabiliser of a track τ i , hence an edge of T , is commensurable to H. Indeed, let C ⊆ X (0) be the set of finitely many vertices that are contained in a simplex which intersects τ . The pointwise stabiliser of C is commensurable to H and stabilises τ i . Moreover, the setwise stabiliser of C contains the stabiliser of τ i and is contained in finitely many left H-cosets as the track τ i is finite and X is locally finite. Thus the stabiliser of τ i is commensurable to H.
Suppose C is a component of X \ ∪{τ i } corresponding to some v ∈ V T . Let X v denote the subcomplex of X consisting of the closure of cells that intersect C. As X v is connected and G v acts cocompactly on X v with cell stabilisers commensurable to H, hence finitely generated, it follows that G v is finitely generated.
Note that C has finite Hausdorff distance from
QI rigidity of groups containing almost normal subgroups
We are now in a position to prove Theorem 1.4. We actually prove a more general theorem.
Theorem 4.1. Let p : X → B be a quasi-homogeneous coarse fibre bundle with fibre F such that:
(1) X is a coarsely uniformly n-acyclic metric space; (2) B has at least three ends; (3) F is a coarse P D n space. Suppose G is a finitely generated group quasi-isometric to X and that K ≥ 1 and A ≥ 0. Then there is a constant C and a subgroup H É G such that the following holds: for every (K, A)-quasi-isometry f : G → X and
To simplify the argument, we only prove Theorem 4.1 in the case where X is coarsely uniformly n-connected. This is all that is required if one wishes to prove Theorem 1.4. The proof is almost identical when X is not necessarily coarsely uniformly n-connected, except that we need to use the theory of metric complexes rather than metric cell complexes (see Remark 2.19).
Combining Proposition 2.10 and Lemma 3.6 with Theorem 4.1 gives the following:
Corollary 4.2. Let X, F, B, G, H be as in Theorem 4.1. Then H is quasiisometric to F and G/H is quasi-isometric to B.
We explain how to deduce Theorem 1.4 from Theorem 4.1:
Proof of Theorem 1.4. Suppose that G is a group of type F n+1 containing an almost normal coarse P D n subgroup H with e(G/H) ≥ 3. Then Theorem 2.15 tells us that G is coarsely uniformly n-connected and Proposition 3.14 ensures that p : G → G/H is a quasi-homogeneous coarse bundle. Thus p : G → G/H satisfies the hypotheses of Theorem 4.1. Using Theorem 4.1 and Corollary 4.2, we see that if G ′ is a finitely generated group quasiisometric to G, it contains an almost normal subgroup H ′ such that H is quasi-isometric to H ′ and G/H is quasi-isometric to G ′ /H ′ . In particular, H ′ is coarse P D n as required.
For the remainder of this section, we fix a coarse bundle p : X → B as in Theorem 4.1. The following proposition allows us to apply the coarse topological methods of [Mar18] . We fix some b 0 ∈ B and let D b 0 ⊆ X be the corresponding fibre, i.e. p −1 (N E (b 0 )) 
Theorem 11.3 of [KK05] now tells us that X l is a coarse P D n+1 space. Since being a coarse P D n+1 space is invariant under coarse equivalence (see [Mar18, Remark 4 .4]), it follows that im( φ) is a coarse P D n+1 space. As l ∩ C ′ contains a ray r, it follows that im( φ) ∩ C contains a coarse P D n+1 half-space whose boundary has finite Hausdorff distance from D b 0 . Thus Lemma 2.26 ensures that C is essential.
Since B has at least three ends, we use Lemma 3.16 and Proposition 4.3 to deduce the following: Definition 4.5. A collection W of subsets of X is said to be a uniform P D n -set if there exist constants K ≥ 1 and A ≥ 0 such that the following holds: for every W ∈ W, there is a (K, A)-quasi-isometry f W : X → X with
The set W := {D b | b ∈ B} is a uniform P D n -set because the coarse fibre bundle p : X → B is quasi-homogeneous. Our motivation for the definition of uniform P D n -sets is the following lemma: Lemma 4.6. Let W be a uniform P D n -set. Then there is a constant R such that for every W ∈ W, there is a b ∈ B such that d
We can use this lemma to prove Theorem 4.1:
Proof of Theorem 4.1. Let X and G be as in Theorem 4.1. We fix a quasiisometry f 0 : X → G. Then Corollary 4.4 ensures that f 0 (D b 0 ) is coarse P D n subset of G that coarsely separates G into at least three essential coarse complementary components. Theorem 2.27 ensures that f 0 (D b 0 ) has finite Hausdorff distance from a subgroup H ≤ G. We fix K ≥ 1 and A ≥ 0 and let F be the set of all (K, A)-quasi-isometries from G to X. Let W := {f (H) | f ∈ F}, which is clearly a uniform P D n -set. Since left multiplication in G is isometric, we see that W = {f (gH) | f ∈ F, g ∈ G}.
It follows from Lemma 4.6 that there is constant R such that for every f ∈ F and g ∈ G, there is a b ∈ B with d Haus (D b , f (gH)) ≤ R as required. Finally, since d Haus (D b , D b ′ ) < ∞ for any b, b ′ ∈ B, we see that d Haus (H, gH) < ∞ for every g ∈ G, and so Proposition 3.12 ensures H É G.
We now prove Lemma 4.6. As X is coarsely uniformly n-connected, we fix some uniformly n-connected metric cell complex (X, X).
Lemma 4.7. Let W be a uniform P D n -set. Then there exist constants D and E such that:
(1) For every W ∈ W, there is a decomposition of
. Proof. We let {f W | W ∈ W} be quasi-isometries as in Definition 4.5. We recall from Corollary 4.4 that D b 0 coarsely separates X into at least three essential components. Thus there exist essential coarse disjoint, coarse complementary components C 1 , C 2 and C 3 of D b 0 , where we may assume without loss of generality that C 3 = X \ (C 1 ∪ C 2 ). By taking E sufficiently large, we can easily deduce (1) by taking
Parts (2)-(4) follow from Lemma 2.28 and the fact that each quasi-isometry f W induces a uniformly proper chain homotopy equivalence on C • (X (n+1) ), whose constants are independent of W ∈ W. For instance, see Theorem 2.7 of [MSW11], Proposition 9.48 of [DK18] or Lemma 3.21 of [Mar18] .
Our first step in proving Lemma 4.6 is the following: for i = 1, 2 and 3. Since each C i is deep, we choose 
otherwise [α i ] could be represented by cocycles supported in at least two of
Since f (D b 1 ) and f (D b 2 ) are at finite Hausdorff distance, we pick r sufficiently large so that Lemma 4.9. Let W, D and E be as in Lemma 4.7. Suppose that
Then W is finite. 
Proof of Lemma 4.6. The following proof is based on the argument used in the proof of [Vav13, Proposition 4.3], although in a more general context. We fix x 0 , K, A, {f x } x∈X and {f x } x∈X as in Lemma 3.5. We set D and E as in Lemma 4.7. We assume for contradiction that no such R exists, and hence W is necessarily infinite. It follows from Lemma 4.8 that d Haus (D b 0 , W ) < ∞ for every W ∈ W. We can thus take a sequence (
By passing to a subsequence, we may suppose that
for all j > i.
We claim that d Haus (f x (W i ), f x ′ (W j )) > D + E for all i = j and x, x ′ ∈ X. We assume for contradiction that d Haus (f x (W i ), f x ′ (W j )) ≤ D + E for some i = j and x, x ′ ∈ X. Without loss of generality, we may suppose j > i.
Since f x is A-fibre preserving, there is a b ∈ B with
Since f x ′ is also A-preserving, there is a
It follows from the definition of b j that
contradicting (1) and so proving the claim.
For each W i , we pick an arbitrary x i ∈ W i and set
is an infinite uniform P D n -set that contradicts Lemma 4.9.
We explain how to reformulate Theorem 1.4 in terms of graphs of groups:
Corollary 4.10. Let G be a group of type F n+1 . Suppose that G is the fundamental group of a graph of groups G with the following properties:
Proof. We claim a finitely presented group has an almost normal coarse P D n subgroup H with e(G/H) ≥ 3 if and only if G splits as a graph of groups satisfying (1)-(3). Corollary 4.10 now follows from Theorem 1.4 and the above claim. If G splits as a graph of groups satisfying (1)-(3), let H be any edge group. Since all conjugates of H are commensurable to H, we deduce that H É G. Corollaries 3.17 and 3.20 then ensure that e(G/H) ≥ 3.
Conversely, suppose that G contains an almost normal, coarse P D n subgroup H with e(G/H) ≥ 3. Theorem 3.24 ensures that G splits as a graph of groups satisfying (2) and (3). It is clear from the proof of Theorem 3.24 that as e(G/H) ≥ 3, the corresponding Bass-Serre tree has at least three ends.
We now prove a partial quasi-isometric classification for such groups. We closely follow the proof of [PW02, Theorem 3.1].
Theorem 4.11. Let G and G ′ be groups of type F n+1 that are fundamental groups of finite graphs of groups G and G ′ satisfying conditions (1)-(3) of Corollary 4.10. Suppose that G and G ′ are quasi-isometric. Then for each essential vertex group G v of G, there is an essential vertex group G ′ v ′ of G ′ and a fibre-preserving quasi-isometry G v → G ′ v ′ . Conversely, for each essential vertex G ′ v ′ of G ′ there exists an essential vertex group G v of G and a fibre-preserving quasi-isometry G v → G ′ v ′ . Proof. We recall from the proof of Theorem 3.24 that there is an infinite ended, 1-acyclic 2-complex X on which G acts cocompactly. There exists a collection of finitely many G-orbits of finite disjoint tracks {τ i } i∈I such that each component of X\ ∪ i∈I {τ i } is either compact or 1-ended. The dual tree T gives the Bass-Serre tree of the graph of groups in Theorem 3.24. Similarly, let X ′ be the corresponding complex for G ′ , let {τ j } j∈J be the corresponding collection of tracks, and let T ′ be the dual tree.
Suppose f : G → G ′ is a quasi-isometry. By Theorem 4.1 f is fibrepreserving, so Lemma 3.6 ensures f induces a quasi-isometryf : X → X ′ . It follows from the proof of [PW02, Theorem 3.1] thatf sends 1-ended components of X\ ∪ {τ i } to a uniform metric neighbourhood of a 1-ended component of X ′ \ ∪ {τ j }. It was shown in the proof of Theorem 3.24 that these components are quasi-isometric to quotient spaces of the form 
Fibre distortion
Theorem 1.4, Corollary 4.10 and Theorem 4.11 give necessary conditions for two groups in a certain class to be quasi-isometric. Can we obtain finer QI invariants that yield finer QI classification and rigidity results? For example, observe that BS(1, 3) = a, t | tat −1 = a 3 and F 2 × Z have the same Bass-Serre tree in the following sense: both act on 4-valent trees with all edge and vertex stabilisers isomorphic to Z. Thus Corollary 4.10 and Theorem 4.11 cannot distinguish them up to quasi-isometry.
To distinguish such groups, we use the notion of height change defined in [FM99] and [Why01] . Let H := a É BS(1, 3). We think of BS(1, 3) as fibred over its left H-coset space with fibres corresponding to H-cosets. Endowing each fibre with the path metric, the closest point projection from H to t k H coarsely distorts distances by a factor of 3k; this is because t k a i = a 3i t k . In contrast, no such distortion can occur in F 2 × Z. These sort of phenomena will be used to prove Theorems 5.10 and 5.16. We fix a finitely generated group G containing a finitely generated, almost normal subgroup H É G. For each g ∈ G, let p g : H → gH be a closest point projection map, i.e. any map such that d(x, p g (x)) ≤ d(x, y) for all y ∈ gH. We remark that by Proposition 3.12, H and gH are at finite Hausdorff distance. Any map f : H → gH which moves points a uniform distance will be close to p g , i.e. if sup
Thus p g is coarsely well-defined. n g −1 . We associate to each g ∈ G a matrix A g ∈ GL(n, Q), whose (i, j) entry is
where ⌊(x 1 , . . . , x n )⌋ := (⌊x 1 ⌋, . . . , ⌊x n ⌋). We show this in the case n = 1; the general case is similar but notationally unwieldy.
We write v 1 = v, q 1 = q and
we see that sup k∈Z d(gv
We deduce from the above discussion that sup
We pick a finite generating set for H and equip H with the word metric d H . For each g ∈ G, the map H → G given by h → gh is a coarse embedding. This follows from Lemma 2.4 and the fact that left multiplication by g is isometric. Thus one equips each coset gH with the metric d gH (gh, gh ′ ) := d H (h, h ′ ). Proposition 2.10 ensures that p g : H → gH is a quasi-isometry with respect to the above metrics.
Thus d gH depends only on the coset gH and is independent of g.
Definition 5.3. Let X and Y be metric spaces and f : X → Y be a quasi-isometry. We define
Let G be a finitely generated group with H É G a finitely generated almost normal subgroup. We define a function F : G/H → R by gH → log(κ(p g )), which we call the fibre distortion function.
Example 5.4. Suppose H É G is a finitely generated free abelian subgroup.
We note that the word metric with respect to a Z-basis of H is simply the l 1 -norm of H. Define A g as in Example 5.1. Choose B such that
We also observe that |⌊A g · h⌋ − A g · h| 1 ≤ n for all h ∈ R n . Thus for any
and so
where
and A := 2B + 2n. Notice that
where A g 1 is the matrix norm of A g . Thus F (gH) = |log( A g 1 )|.
We now show that fibre distortion is a quasi-isometry invariant up to some additive error.
Proposition 5.5. Suppose that G and G ′ are groups containing almost normal subgroups H É G and H ′ É G ′ such that the hypotheses of Theorem 1.4 are satisfied. Let F and F ′ be the associated fibre distortion functions. If f : G → G ′ is a quasi-isometry and f : G/H → G ′ /H ′ is the induced quasi-isometry as in Lemma 3.6, there is a constant C ≥ 0 such that
The existence of f follows from Theorem 4.1, since any quasi-isometry f : G → G ′ is fibre-preserving. To prove Proposition 5.5 we make use of the following lemma:
Proof. Let ǫ > 0 and M := κ(f ). Then there exists a B ≥ 0 such that f is a (M + ǫ, B)-quasi-isometry.
To obtain the lower bound, we observe that as f is not an (M − ǫ, C)-quasi-isometry for any C, there exist sequences of points (x n ), (x ′ n ) such that for each n, either
Thus there is a constant B ′′ > 0 such that for every n, either
By taking n sufficiently large, we deduce that h • f • g is not an (
Proof of Proposition 5.5. Let f : G → G ′ be a (K, A) quasi-isometry. By Theorem 4.1 and Lemma 3.6, there is a constant C ≥ 0 such that:
We fix g ∈ G, and similarly define f g : gH → f (gH) such that d(f g (gh), f (gh)) ≤ C for all h ∈ H. Let p g : H → gH and p ′ g : H ′ → f (gH) be closest point projections. By Proposition 2.10 there exist constants K ′ ≥ 1 and A ′ ≥ 0, independent of g, such that f 0 and f g are (K ′ , A ′ ) quasi-isometries for all g ∈ G. Moreover, we may choose (K ′ , A ′ ) sufficiently large so that f 0 has a quasi-inversef 0 that is also a (K ′ , A ′ )-quasi-isometry.
Since
It follows from Lemma 5.6 that κ(pg)
In the case where H is infinite cyclic, we define a related invariant called the height function, generalising the height function used in [Why01] .
Definition 5.7. Let G be a finitely generated group containing an almost
The height function h : G → R is defined by g → log(| Proof. Let g, k ∈ G. We pick non-zero integers n, m, r, s such that t m = gt n g −1 and t r = kt s k −1 . Thus t mr = gt nr g −1 = gkt ns k −1 g −1 and so h(gk) = log ns mr = log n m + log s r = h(g) + h(k).
As g −1 t m g = t n , we see that
We now show quasi-isometric rigidity for finitely presented Z-by-(∞-ended) groups. This result also holds for groups of type F P 2 .
Theorem 5.10. Let G be a finitely presented Z-by-(∞ ended) group. If G ′ is any finitely generated group quasi-isometric to G, it is also Z-by-(∞ ended). Moreover, any quasi-isometry f : G → G ′ induces a quasi-isometry G/Z → G ′ /Z between quotient groups.
Proof. Suppose G is a finitely presented group that contains an infinite cyclic normal subgroup H, with G/H infinite ended. As H ⊳ G, the height function h : G → R is zero. Thus the fibre distortion function F is zero by Lemma 5.8. Suppose G ′ is a finitely generated group quasi-isometric to G.
By Theorem 1.4, G ′ contains an 2-ended almost normal subgroup H ′ É G ′ .
Since 2-ended groups are virtually cyclic, we may assume by Proposition 3.11 that H ′ = t for some t ∈ G ′ . By Proposition 5.5 and Lemma 5.8, it follows that the associated height function h ′ : G ′ → R has bounded image. Since (R, +) is torsion-free, Proposition 5.9 ensures h ′ is trivial.
Let S = {s 1 , s 2 , . . . , s n } be a finite generating set of G ′ . Since s i Hs
and H are commensurable, there are positive integers n i and m i such that s i t m i s −1 i = t ±n i . As h ′ is trivial, n i = ±m i . Thus for sufficiently large M such that m i |M for all i, we deduce that s i t M s
It is easy to see, as observed in the preceding proof, that central extensions necessarily have bounded fibre distortion. One may wonder if the converse holds: does bounded fibre distortion distortion necessarily imply the group is (virtually) a central extension? This is not the case. The following example resolves a question of [FLS15, Section 12.2], giving an example of a group quasi-isometric to F 2 ×Z 2 that does not have a normal free abelian subgroup of rank 2.
Example 5.11. Let
This is an HNN extension of Z 2 with stable letter t. Notice that the associated matrix A := is an infinite order rotation through angle arccos( 5 13 ). Thus the Z 2 subgroup H = a, b ≤ G is almost normal but not normal. We now build a graph of spaces X by taking two tori T and T ′ and gluing T ′ × [0, 1] to T so that π(X) = G. Endowing T and T ′ × [0, 1] with standard Euclidean metrics, we see that as A is orthogonal, the attaching maps used to define X are isometric embeddings. ThusX is isometric to E 2 × T , where T is a regular tree with infinitely many ends, and so G is quasi-isometric to F 2 × Z 2 . Such examples are considered in work of Leary and Minasyan [LM19] . See also [HP18] .
We now investigate what one can say if the fibre distortion function is unbounded. In particular, we are interested in the following situation:
Definition 5.12. Let G be a finitely generated group containing an almost normal subgroup H É G. We say that (G, H) has proper fibre distortion if the fibre distortion map F : G/H → R is proper, i.e. for each r ≥ 0,
Example 5.13. Suppose G is a finitely generated group extension
such that the map Q → Aut(H) ∼ = GL(n, Z) has finite kernel. In such a situation, we say that G is Z n -by-(∞ ended) with almost injective quotient (AIQ). Observe that for every r ≥ 0, there are only finitely many matrices M ∈ GL(n, Z) such that M 1 ≤ r. Thus Example 5.4 ensures that (G, H) has proper fibre distortion if and only if G is Z n -by-(∞ ended) with AIQ. Proposition 5.15. Suppose G is finitely presented, Z n ∼ = H É G and e(G/H) = ∞. Suppose (G, H) has proper fibre distortion. Then H has a finite index subgroup that is normal in G.
Proof. Let F : G/H → R be the fibre distortion map. It follows from the definition of A g in Example 5.1 that A gk = A k A g for all g, k ∈ G. Suppose g ∈ G and h ∈ H. Using Example 5.1, we see that
Since h ∈ H, A h is the identity, so A g −1 A h A g is also identity. By Example 5.4, we see that F (ghg −1 H) = 0. Let X be the 2-complex with vertex set G/H constructed in the proof of Theorem 3.24. As in the proof of Theorem 3.24, there exists a collection of tracks {τ i } in X such that components of X\ ∪ i τ i correspond to vertices of the dual tree T . We claim that H fixes T . If this is the case, then let K be the kernel of the action of G on T . By assumption H ≤ K. Since edge stabilisers are commensurable to H and K is contained in an edge stabiliser, it follows that K is commensurable to H. Since K is normal, H has a finite index normal subgroup.
To prove the claim, we suppose some h ∈ H doesn't fix T . Let v be the vertex of T corresponding to the component of X\ ∪ i τ i containing H. Then Hv = v. Thus there is an A ≥ 0 and a component C of T \N A (v) such that hC = C. Since G\T is cocompact, we can pick a sequence (g i ) in G such that g i v ∈ C for all i and lim i→∞ d T (v, g i v) = ∞. As any path from g i v to hg i v passes through N A (v), we see that
By passing to a subsequence, we may assume that g
By the first paragraph, we have
i hg i H) = 0 for all i, which contradicts the properness of F .
We now combine Theorem 1.4 with Propositions 5.5 and 5.15 to deduce quasi-isometric rigidity for the class of Z n -by-(∞ ended) groups with AIQ:
Appendix A. QI rigidity of surface group extensions Throughout this appendix, let S denote a closed hyperbolic surface. In [FM02a] , Farb and Mosher prove quasi-isometric rigidity for hyperbolic surface-by-free groups. These are group extensions of form 1 → π 1 (S) → Γ H → K → 1, where the induced action K ≤ Out(π 1 (S)) ∼ = MCG(S) is a Schottky subgroup, i.e. a convex cocompact free subgroup in the sense of [FM02b] . These methods were further developed by Mosher [Mos03a, Mos09] to study the coarse geometry of other surface group extensions.
Mosher classified fibre-preserving quasi-isometries of certain surface group extensions in [Mos03a] . Theorem 4.1 tells us that in many cases, every quasiisometry is fibre-preserving. Combining these results allows us to deduce Theorem A.19. For the convenience of the reader, we give an account of Mosher's methods and explain how to deduce Theorem A.19 from Theorem 4.1 and [Mos03a] . We refer the reader to [FM02b] , [FM02a] and [Mos03a] for more details on these topics.
Background on Teichmüller space. Teichmüller space is defined to be the space of marked hyperbolic structures on S modulo isotopy. Equivalently, it is the space of marked conformal structures on S modulo isotopy. A measured foliation on S is defined to be a foliation F with finitely many singular points such that:
(1) each neighbourhood of a singular point is a k-pronged saddle for k ≥ 3 (see [FM12] ); (2) F is equipped with a positive transverse Borel measure. A saddle collapse of a measured foliation F is obtained by collapsing the leaf segment joining two singularities to a point. The set of measured foliations of S, modulo isotopy and saddle collapse, is denoted MF . Given a measured foliation F and λ > 0, let λF be the measured foliation obtained by multiplying the transverse measure by λ. Let PMF denote the set of all projective measured foliations, i.e. MF modulo the equivalence relation λF ∼ F for λ > 0. We let [F] ∈ PMF denote the equivalence class containing F.
We define a topology on PMF and T as follows. Let C denote the set of isotopy classes of simple closed curves on S and let P[0, ∞) C be the projectivisation of [0, ∞) C . There is an injection T → P[0, ∞) C that associates to each x ∈ T and c ∈ C the length of the unique geodesic in the class c. The image of this map is homeomorphic to an open ball of dimension 6g − 6. For each measured foliation F and c ∈ C, we define ℓ F (c) to be the infimum of γ F as γ ranges over curves in the isotopy class c. The map F → (c → ℓ F (c)) descends to a well-defined map PMF → P[0, ∞) C with image homeomorphic to a sphere of dimension 6g − 7. We topologise T and PMF by identifying them with their images in P[0, ∞) C endowed with subspace topology. Then Thurston's compactification theorem says that with respect to the above embedding into P[0, ∞) C , T = T ⊔ PMF is the closure of T .
We now describe the Teichmüller metric on T . We say that two measured foliations F x and F y are transverse if:
(1) they have the same set of singular point;
(2) each singular point has the same number of prongs; (3) their leaves are transverse at all regular points.
Two transverse measured foliations F x and F y determine a conformal structure at regular points of S: a neighbourhood of each regular point is identified with a subset of C such that leaves of F x (resp. F y ) correspond to lines with constant imaginary (resp. real) part and distance is determined by the transverse measures. This conformal structure extends uniquely over singular points to a conformal structure on S itself, hence determines a point of T which we denote σ(F x , F y ). This is well-defined for any pair of transverse measured foliations (F x , F y ) that represent the same pair in PMF 2 . A pair of transverse measured foliations (F x , F y ) defines a Teichmüller geodesic t → σ(e t F x , e −t F y ), which we denote
Teichmüller's theorem says that every pair of points on Teichmüller space lie on a unique Teichmüller geodesic, and so the associated Teichmüller metric given by d(σ(e t F x , e −t F y ), σ(e s F x , e −s F y )) = |s − t| is a well-defined metric on T . The topology induced by this metric agrees with the topology on T defined by homeomorphically identifying T with a subset of P[0, ∞) C via the preceding embedding. Henceforth, it will be assumed that T is endowed with the Teichmüller metric.
The mapping class group and its action on Teichmüller space. The mapping class group MCG(S) is the group Homeo(S)/Homeo 0 (S), where Homeo(S) is the group of homeomorphisms (not necessarily orientation preserving) of S and Homeo 0 (S) is the connected component of the identity. This is sometimes called the extended mapping class group of S. The mapping class group MCG(S) acts properly discontinuously and isometrically on T (S), but the action is not cocompact.
Let p ∈ S be a point. The Dehn-Nielsen-Baer says that there is an isomorphism of short exact sequences, where the top row is known as the Birman exact sequence associated to the mapping class group.
A homeomorphism H ∈ Homeo(S) is said to be a pseudo-Anosov if there exist a pair of transverse measured foliations (F x , F y ) and a λ > 1 such that f (F x , F y ) = (λF x , λ −1 F y ). A mapping class f ∈ MCG(S) is said to be pseudo-Anosov if it has a pseudo-Anosov representative. Every pseudoAnosov g acts by translations of non-zero length along a Teichmüller geodesic. This geodesic is unique and is called the axis of g.
This action extends to an action MCG(S) T (S). Given f ∈ MCG(S), let Fix(f ) denote the set of fixed points of f in T (S). If f is a pseudo-
The setwise stabiliser of Fix(f ) is equal to Comm( f ) and contains f ∼ = Z as a finite index subgroup.
We say that L ≤ MCG(S) is irreducible if it doesn't preserve a finite collection of disjoint simple closed curves. Ivanov showed that a subgroup of MCG(S) is infinite and irreducible if and only if it contains a pseudoAnosov [Iva92, Corollary 7.14].
Given a measured foliation F of S, we can lift it to a π 1 (S)-invariant measured foliation F of S ∼ = H 2 . We set E([F]) ⊆ S 1 to be the set of endpoints of leaves of F , noting that E([F]) is independent of the choice of F ∈ [F]. If (F x , F y ) is a pair of transverse measured foliations, then
Let g be a pseudo-Anosov with
. Suppose that f is another pseudo-Anosov such that Fix(f ) ∩ Fix(g) = ∅. Then any two distinct elements of Fix(f ) ∪ Fix(g) can be joined by a Teichmüller geodesic. To see this, we recall from [FM02b] that for n sufficiently large, the subgroup generated by f n , g n is convex cocompact. The definition of convex cocompactness then ensures that any two elements of Fix(f n ) ∪ Fix(g n ) = Fix(f ) ∪ Fix(g) can be joined by a Teichmüller geodesic. Hence we deduce the following:
In the latter case, g ∈ Comm( f ) and f and g share an axis.
A subset A ⊆ T is said to be cobounded if there is some bounded set Ω ⊆ T such that A ⊆ MCG(S)Ω. Every axis of a pseudo-Anosov is cobounded. We deduce the following lemma via Proposition 3.3 of [AAS07] , which also follows from the proof of [FM02b, Lemma 2.4].
Then for any r ≥ 0, the set {σ ∈ T | d(σ, γ), d(σ, γ ′ ) ≤ r} is bounded. In particular, γ and γ ′ cannot be at finite Hausdorff distance.
We define the canonical marked hyperbolic surface bundle S → T as follows. The fibre S σ is the surface S equipped with a hyperbolic metric corresponding to σ ∈ T , chosen so that S σ varies smoothly with σ. The canonical hyperbolic plane bundle p : H → T is the universal cover of S, where each fibre is a hyperbolic plane identified with the universal cover of each S σ . In fact, H can be identified with the Teichmüller space of the punctured surface S \ p, and the mapping class group of S \ p admits a fibre-preserving isometric action on H. Let D σ = p −1 (σ) denote the fibre at σ ∈ T .
A line ℓ ⊆ T is the image of a piecewise geodesic map R → T . We can pull back the canonical hyperbolic plane bundle to get a bundle H ℓ → ℓ. Each H ℓ can be naturally endowed with a piecewise Riemannian metric, see for instance [FM02b] . A line is said to be hyperbolic if H ℓ is (Gromov) hyperbolic. We make use of the following theorem, proven independently by Bowditch and Mosher: [Bow13] ). Let Z ⊆ T be cobounded and let δ ≥ 0. There is a constant N such that the following holds. If ℓ ⊆ Z is a line such that H ℓ is δ-hyperbolic, then there is a cobounded Teichmüller geodesic γ ℓ such that d Haus (γ ℓ , ℓ) ≤ N . Conversely, if a line ℓ ⊆ Z is Hausdorff equivalent to a cobounded geodesic γ, then the bundle H ℓ is hyperbolic.
Given a cobounded geodesic γ ⊆ T , the bundle H γ → γ also admits a singular Solv metric, which we denote H Solv If γ and γ ′ are two Teichmüller geodesics, a quasi-isometry f : H γ → H γ ′ is said to be fibre-preserving if there is a constant B such that for each σ ∈ γ, there is some
Proposition A.5 ([FM02a, Lemma 6.3]). Let γ and γ ′ be cobounded Teichmüller geodesics in T such that γ is the axis of a pseudo-Anosov. If there exists a fibre-preserving quasi-isometry f : H γ → H γ ′ , then γ ′ is also the axis of a pseudo-Anosov and there exists an isometry H Solv
Much of the theory of mapping class group and Teichmüller space of surfaces extends to the setting of orbifolds, as observed in [FM02b] and [FM02a] . Throughout, we will restrict our attention to closed hyperbolic 2-orbifolds with only cone singularities, since these are the only orbifolds that admit pseudo-Anosov homeomorphisms. Let O be such an orbifold and let π 1 (O) denote the orbifold fundamental group. As shown in [FM02b] , an analogue of the Dehn-Nielsen-Baer theorem holds so that Out(π 1 (O)) ∼ = MCG(O). However, it is not the case that Aut(π 1 (O)) ∼ = MCG(O \ {p}). We define MCG(O) to be the group of all lifts of homeomorphisms of O to the universal cover O, modulo the connected component of the identity. In [FM02b] , it was shown that there is an isomorphism of short exact sequences as follows:
Quasi-symmetric homeomorphisms of the circle.
Definition A.6. Let M ≥ 1. A homeomorphism h : S 1 → S 1 is said to be M -quasi-symmetric if for all x ∈ R and t ∈ (0, 2π), we have
We say that a homeomorphism h :
The set of quasi-symmetric homeomorphisms of S 1 is closed under composition and taking inverses. Hence quasi-symmetric homeomorphisms of S 1 form a group which we denote QSym(S 1 ). The following theorem is essentially due to Ahlfors-Beurling [BA56] , see also [Pau96] .
There is an isomorphism Λ : QIsom(H 2 ) ∼ = QSym(S 1 ) such that the following hold:
(1) For K ≥ 1 and
We fix some cocompact lattice Γ ≤ Isom(H 2 ). Note that Γ is a hyperbolic group with boundary S 1 . Thus every automorphism Γ → Γ canonically induces a quasi-symmetric homeomorphism S 1 → S 1 . This gives a homomorphism θ : Aut Γ → QSym(S 1 ). The following lemma is implicit in Nielsen's work on surface group automorphisms.
Lemma A.8. The map θ : Aut Γ → QSym(S 1 ) is injective.
Proof. Let α ∈ Aut Γ be an automorphism such that the induced map θ(α) is trivial. Fix some g ∈ Γ. For each h ∈ Γ, let C h : Γ → Γ be the inner automorphism k → hkh −1 . Applying θ to the identity
we deduce that θ(C α(g)g −1 ) = id S 1 for all g ∈ Γ. Hence α(g)g −1 is an isometry of H 2 which extends to a map that fixes the boundary. However any isometry of H 2 that induces the identity map on the boundary must be trivial. Therefore α(g) = g for all g ∈ Γ.
We thus identify Aut Γ with a subgroup of QSym(S 1 ), which we also denote Aut Γ. Moreover, as Γ has trivial centre, it may also be identified with a subgroup of Aut Γ ≤ QSym(S 1 ).
Lemma A.9. If there exists an f ∈ QSym(S 1 ) such that f • g • f −1 = g for every g ∈ Γ ≤ QSym(S 1 ), then f = id S 1 .
Proof. Let g ∈ Γ and x ∈ Fix(g) ⊆ S 1 . As
Since Λ is a dense subset of S 1 , it is sufficient to show that f | Λ = id Λ . For any x ∈ Λ, let g, h ∈ Γ be loxodromic elements with x ∈ Fix(g) and Fix(g) ∩ Fix(h) = ∅. Suppose Fix(g) = {x, y} and Fix(h) = {w, z}. Replacing g with g −1 if necessary, we may suppose that x is the attracting fixed point of g. We note that Fix(g n hg −n ) = {g n w, g n z}. Since x is the attracting fixed point of g and w, z = y, it follows that g n w → x and g n z → x as n → ∞. By the above observation that f (g n w) = g n w or g n z, we see that f (g n w) → x as n → ∞, thus f (x) = x by continuity of f .
Corollary A.10. The inclusion
Proof. Suppose there exists an f ∈ QSym(S 1 ) with f Γf −1 = Γ. There is an automorphism α ∈ Aut Γ such that for all g ∈ Γ, f θ(g)f −1 = θ(α(g)). By identity (4) in Lemma A.8, we see that θ(α(g)) = θ(α)θ(g)θ(α −1 ). Hence
Thus Lemma A.9 ensures that θ(α) = f .
Proof of quasi-isometric rigidity of surface group extensions. We fix a closed hyperbolic surface S and a finitely generated, infinite ended, irreducible subgroup L ≤ MCG(S) of type F 3 . Let Γ L be the group extension
By Brown's criterion [Bro87] , Γ L is also of type F 3 . (See also Exercise 1 of Section 7.2 in [Geo08] .) We now construct a geometric model of the group Γ L , the details of which are found in [FM02b] . We first fix a generating set of L and embed the correspond Cayley graph X L into T as follows. We identify the vertex set of X L with some L-orbit in T . For each edge in X L , we join the corresponding points of T by a piecewise geodesic, all of which are disjoint except at their endpoints. This is done in an equivariant way. The action of L on X L is cocompact and properly discontinuous. Moreover, the inclusion X L → T is a coarse embedding. For ease of notation, we identify X L with its image in T . We now pullback the canonical hyperbolic plane bundle to obtain the bundle p L : H L → X L . As in [FM02b] , we endow H L with a piecewise Riemannian metric such that Γ L acts properly discontinuously and cocompactly on H L .
Given a pseudo-Anosov g ∈ L, we say that a line ℓ g ⊆ T is a coarse axis of g if there is a bounded set Ω ⊆ T such that ℓ g ⊆ g Ω. Coarse axes of pseudo-Anosovs always exist and are coarsely well-defined, i.e. if ℓ g and ℓ ′ g are coarse axes of the same pseudo-Anosov g, then d Haus (ℓ g , ℓ ′ g ) < ∞. Proposition A.11. Let γ ⊆ T be the axis of a pseudo-Anosov g ∈ MCG(S) such that γ ⊆ N B (X L ) for some B ≥ 0. Then g n ∈ L for some n sufficiently large.
Since the map MCG(S) → T given by f → f · x is a coarse embedding, we see that there is some
Thus g n ∈ L for some n sufficiently large by [MSW11, Corollary 2.14].
Our first step in proving Theorem A.19 is showing that quasi-isometries of H L are fibre-preserving. This follows from Theorem 4.1 and Lemma 3.6. This is the only point where we use the fact that L is infinite ended and of type F 3 .
Proposition A.12. For every K ≥ 1 and A ≥ 0, there exist constants B ≥ 0, K ′ ≥ 1 and A ′ ≥ 0 such that the following holds. For every
This map is coarsely well-defined, so induces a well-defined map θ(f ) ∈ QSym(S 1 ), where S 1 is identified with the Gromov boundary of D 0 . This map is independent of the choice of fibre D 0 , so θ : QI(H L ) → QSym(S 1 ) is a well-defined homomorphism.
Proposition A.13. For any K ≥ 1 and A ≥ 0, there exists a B ≥ 0 such that whenever f :
To prove this, we make use of another result from [FM02a] .
Proposition A.14. Let g, g ′ ∈ L be two pseudo-Anosovs with coarse axes
Proof. Let γ be the axis of g and let F x and F y be the associated transverse measured foliations. Then the bundle H Solv γ has stable and unstable foliations as defined in Section 5 of [FM02a] . These are defined so that the intersection of the stable (resp. unstable) foliation with each fibre D σ is F y (resp. F x ). If γ ′ is the axis of g ′ , then H Solv γ ′ also has stable and unstable foliations.
Since d Haus (f (ℓ g ), ℓ g ′ ) < ∞, there is a fibre-preserving quasi-isometry [FM02a] then says that f γ coarsely respects the stable and unstable foliations. In particular, by restricting to a fibre of H Solv γ and using the definition of θ(f ), we deduce that θ(f )(E(g)) = E(g ′ ) as required.
We also need the following elementary connect-the-dots argument:
Lemma A.15. For every K ≥ 1 and A ≥ 0, there is a constant B such that for every
Proof. As ℓ is a line, there is a piecewise geodesic map r : R → T with image ℓ. By reparametrising R, we may assume that r is 1-Lipschitz. We define a map r ′ : R → T such that for all n ∈ Z, r ′ | [n,n+1] is a reparametrised Teichmüller geodesic segment in X L from f (r(n)) to f (r(n + 1)). Thus the image of r ′ is a line ℓ ′ ⊆ X L with d Haus (f (ℓ), ℓ ′ ) ≤ B for some suitable B.
Proof of Proposition A.
be the induced quasi-isometry as in Proposition A.12, which can be taken to be a (K ′ , A ′ )-quasi-isometry for some K ′ ≥ 1 and A ′ ≥ 0 depending only on K and A. Let g ∈ L be a pseudoAnosov with coarse axis ℓ g ⊆ X L and axis γ g . By Lemma A.15, there is a
Since ℓ g is a coarse axis and so has finite Hausdorff distance from the geodesic γ g , Theorem A.4 says that H ℓg is δ-hyperbolic for some δ. Thus f induces a quasiisometry
g has finite Hausdorff distance from some Teichmüller geodesic γ ′ g . Since f induces a fibre-preserving quasi-isometry H γg → H γ ′ g , Proposition A.5 then says that γ ′ g is the axis of a pseudo-Anosov g ′ ∈ MCG(S). By Proposition A.11, we can assume that g ′ ∈ L and so ℓ ′ g is a coarse axis of g ′ . Thus Proposition A.14 says that E(g ′ ) = θ(f )(E(g)) = E(g) and so Lemma A.2 ensures that g and g ′ share an axis. Thus γ g = γ ′ g and so d Haus (ℓ g , f (ℓ g )) < ∞.
We now fix some conjugacy class C of pseudo-Anosovs in L and equivariantly pick coarse axes {l g ⊆ X L | g ∈ C}. Thus there is a δ such that H ℓg is δ-hyperbolic for every g ∈ C. Hence there is δ ′ = δ ′ (δ, K, A) and B such that for all g ∈ C, there is a line ℓ ′ g such that d Haus (f (ℓ g ), ℓ ′ g ) ≤ B and H ℓ ′ g is δ ′ -hyperbolic. Theorem A.4 then says that there is some C = C(δ, δ ′ , L) such that for all g ∈ C, both ℓ g and ℓ ′ g have Hausdorff distance at most C from a Teichmüller geodesic. By the argument in the previous paragraph and Lemma A.3, we deduce ℓ g and ℓ ′ g have Hausdorff distance at most C from the same Teichmüller geodesic, and so there is a D ≥ 0 such that
Let g, h ∈ C be two pseudo-Anosovs such that Fix(g) ∩ Fix(h) = ∅. We fix some bounded Ω ⊆ T such that X L ⊆ LΩ and pick r large enough so that
It follows from the definition off that there is a constant E = E(K, A, R) such that for every fibre
Proposition 2.10 tells us that there exists K ′′ ≥ 1 and A ′′ ≥ 0 such that for every σ ∈ X L , there is a (
Since θ(f ) = id S 1 , the induced boundary homeomorphism ∂f σ : ∂D σ → ∂D σ is the identity. Hence by Theorem A.7, there is an
Notice that the constants E, F depend only on the constants K and A. (They also depend on the choice of conjugacy class C, the elements g, h ∈ C and the choice of coarse axes, but these can be fixed as we vary f over all (K, A)-quasi-isometries.)
Let g ∈ L be a pseudo-Anosov with axis γ. Let Π := ∩{Π g | g ∈ L is a pseudo-Anosov}. We recall that each Π g contains π 1 (S) as a finite index subgroup. Hence Π can be identified with a subgroup of Isom(H 2 ) that contains π 1 (S) as a finite index subgroup. Let O denote the quotient orbifold Π\H 2 with orbifold fundamental group Π. Then there is a finite cover q : S → O which induces the inclusion q * : π 1 (S) → Π. As remarked in [FM02a] and [Mos03a] , the preceding theory generalises to the mapping class group and Teichmüller space of O. Let T O denote the Teichmüller space of O.
Lemma A.16. Recall the surface group extension Γ L can be naturally identified with a subgroup of Aut(π 1 (S)). Then there is a unique map φ : Γ L → Aut(Π) such that:
where π and π ′ are quotient maps.
Proof. We first note that Lemma A.8 and Corollary A.10 imply that any automorphism of Γ that restricts to an automorphism of π 1 (S) is determined by its restriction. Thus if φ exists, it is unique. Suppose h ∈ Γ L and g ∈ L is a pseudo-Anosov with axis γ. Then π(h)γ is the axis of the pseudo-Anosov π(h)gπ(h) −1 . Thus h restricts to a fibre-preserving isometry H Solv γ → H Solv π(h)γ , hence h conjugates Π g to Π π(h)gπ(h) −1 . This holds for every pseudo-Anosov g ∈ L, so we deduce that h defines an automorphism of Π that we denote φ(h).
Suppose there exist elements g, h ∈ Γ L such that π(g) = π(h). Then g −1 h is an inner automorphism of π 1 (S), so clearly extends to an inner automorphism of Π. Thus π ′ • φ(g) = π ′ • φ(h), hence φ induces a welldefined homomorphism φ : L → Out(Π) such that π ′ • φ = φ • π.
Finally, we claim that φ is injective. Suppose that π(h) ∈ ker(φ). Then φ(h) is an inner automorphism of Π, so via the the Dehn-Nielsen-Baer theorem, corresponds to an orbifold homeomorphism B of O that is isotopic to the identity. We can lift this isotopy to an isotopy of S from the identity to a lift A of B. Thus A is a homeomorphism of S that represents the trivial mapping class. Since A is a lift of B, it follows that A is a homeomorphism of S that represents h, and so h must be an inner automorphism of π 1 (S) via the the Dehn-Nielsen-Baer theorem.
Lemma A.16 has a topological interpretation. Via the Dehn-NielsenBaer theorem, the image of φ can be naturally identified with a subgroup of MCG(O). It follows from Lemma A.16 and the Dehn-Nielsen-Baer theorem that for each l ∈ L, there are homeomorphisms A of S and B of O representing l and φ(l) respectively, such that A is a lift of B. In the terminology of [Mos03a] , Lemma A.16 says that L ≤ MCG(S) descends to a subgroup of MCG(O). It is shown in [Mos03a] that O is the smallest orbifold such that L descends.
We let L ′ := im(φ) ∼ = L and Γ L ′ := π ′−1 (L ′ ). As the inclusion π 1 (S) → Π has finite index image, we see that Γ L maps to a finite index subgroup of Γ L ′ , which we identify with Γ L . We observe that there is an embedding T O → T S = T . This is because a hyperbolic structure on O can be lifted to a hyperbolic structure on S. (Alternatively, a discrete faithful representation Π → PSL(2, R) restricts to a discrete faithful representation π 1 (S) → PSL(2, R).) Teichmüller's theorem implies that this in fact an isometric embedding, since Teichmüller geodesics in T O map to Teichmüller geodesics in T S . We thus identify T O with a subset of T . Since For injectivity we note that Lemma A.8 ensures two distinct elements g, h ∈ Γ M ≤ MCG(O) ∼ = Aut(Π) induce different elements of QSym(S 1 ), hence Proposition A.13 ensures that Ψ(g) = Ψ(h). Surjectivity follows immediately from the following lemma.
Lemma A.18. Let K ≥ 1 and A ≥ 0. Then there is a constant C = C(K, A) such that whenever f is a (K, A)-quasi-isometry f : Γ L → Γ L , there exists a ψ f ∈ Γ M such that for all x ∈ Γ L ,
Proof. The argument is similar to the proof of Proposition A.13. It is enough to show the following: there is a constant C = C(K, A) such that whenever f is a (K, A)-quasi-isometry f : H L → H L , there exists a ψ f ∈ Γ M such that for all x ∈ Γ L , d H O (ψ f x, f (x)) ≤ C. This is because Γ L acts properly discontinuously and cocompactly on H L , and the orbit map MCG(O) → H O is a coarse embedding.
Suppose f : H L → H L is a (K, A)-quasi-isometry. Proposition A.12 ensures there are constants K ′ , A ′ and B such that there is a (
Let g ∈ L be a pseudo-Anosov with coarse axis ℓ g ⊆ X L and axis γ g ⊆ T O ⊆ T S . By Lemma A.15, there is a line ℓ ′ g ⊆ X L such that d Haus (f (ℓ g ), ℓ ′ g ) ≤ C for some C = (K ′ , A ′ ). Since ℓ g is a coarse axis, H ℓg is δ-hyperbolic for some δ. Thus f induces a quasi-isometry f g : H ℓg → H ℓ ′ g , so that H ℓ ′ g is δ ′ -hyperbolic and therefore has finite Hausdorff distance from some Teichmüller geodesic γ ′ g . By Propositions A.5 and A.11, we deduce that γ ′ g is the axis of a pseudoAnosov g ′ ∈ L and that there is a fibre-preserving isometry H ℓg → H ℓ ′ g . This isometry conjugates Isom h (H ℓg ) to Isom h (H ℓ ′ g ), so that θ(f ) conjugates Π g to Π g ′ in QSym(S 1 ). Since this holds for each pseudo-Anosov g ∈ L, θ(f ) conjugates Π in QSym(S 1 ). Thus Corollary A.10 and Proposition A.13 ensures there is an element ψ f ∈ MCG(O) ∼ = Aut(Π) such that sup x∈X L d H O (f (x), ψ f · x) < ∞.
To complete the proof, we need only show that sup x∈X L d H O (f (x), ψ f · x) can be bounded by a constant that depends only on K and A and not the quasi-isometry f . We argue similarly to the proof of Proposition A.13. We fix a conjugacy class C of pseudo-Anosovs in L and choose coarse axes {ℓ g | g ∈ C} equivariantly. Thus there is a δ such that H ℓg is δ-hyperbolic for every g ∈ C. There is therefore a δ ′ such that H ℓ ′ g is δ ′ -hyperbolic for every g ∈ C.
Let φ f := π ′ (σ f ) ∈ L ′ , where π ′ : Aut(Π) → Out(Π) ∼ = MCG(O) is the quotient map. As φ f acts by isometries on T O , φ f ℓ g is a hyperbolic line in T O such that H φ f ℓg = ψ f H ℓg is δ-hyperbolic. Since sup x∈X L d H O (f (x), ψ f · x) < ∞, it follows that d Haus d T O (f (ℓ g ), φ f (ℓ g )) < ∞. Using Theorem A.4, there is a constant D = D(δ, δ ′ ) such that d Haus (f (ℓ g ), φ f (ℓ g )) ≤ D for each g ∈ C. Furthermore, there is a constant E such that every point x ∈ X L satisfies x ∈ N E (ℓ g ) for some g ∈ C. Thus φ f · X L ⊆ N D+E (X L ) and so ψ f · H L ⊆ N D+E (H L ). As usual, the constants D and E don't depend on f , only the constants K and A To conclude, we define a closest point projection map u : N D+E (H L ) → H L whose quasi-isometry constants depend only on D + E. Thus there exist constants K ′′ and A ′′ such that for every (K, A)-quasi-isometry f : H L → H L , the composition f • u • ψ f : H L → H L is a (K ′′ , A ′′ )-quasi-isometry, where f is a coarse inverse to f . Thus Proposition A.13 ensures that there is a constant F such that sup H L d(f • u • ψ f (x), x) ≤ F for every (K, A)-quasi-isometry f : H L → H L . The result immediately follows.
We deduce Theorem A.19 from Lemma A.18 using an argument similar to that found in [Sch95] .
Proof. We fix an irreducible, infinite-ended subgroup L ≤ MCG(S) of type F 3 . Suppose f : G → Γ L is a quasi-isometry, where G is any finitely generated group. Let f be a coarse inverse to f and for each g ∈ G, let L g : G → G be left multiplication by g. Then f g := f • L g • f is a quasiisometry of Γ L . Since L g is an isometry of Γ L , {f g | g ∈ G} is a uniform set of quasi-isometries, i.e. there exists K ≥ 1 and A ≥ 0 such that each f g is a (K, A)-quasi-isometry. We may also assume that f and f are (K, A)-quasiisometries. Thus Lemma A.18 ensures there is a C ≥ 0 such that for every g ∈ G there exists an ψ g ∈ Γ M with d(ψ g · x, f g (x)) ≤ C (5) for all x ∈ Γ L . We claim that the map Ψ : G → Γ M given by g → ψ g has finite kernel and image commensurable to Γ L ≤ Γ M . This map is welldefined and a homomorphism.
To shown ker(Ψ) is finite, we pick x 0 ∈ G such that d(f (x 0 ), e) ≤ A and suppose that g ∈ ker(Ψ). Then d(e, f g (e)) ≤ C. There are only finitely many such g ∈ G, thus ker(Ψ) is finite. We now show im(Ψ) has finite Hausdorff distance from Γ L . For each x ∈ Γ L , there exists some k x ∈ G with d(f (k x ), x) ≤ A. Let g x := k x f (e) −1 . Then f gx (e) = f (g x f (e)) = f (k x ) and so d(ψ gx , x) ≤ d(ψ gx · e, f gx (e)) + d(f (k x ), x) ≤ C + A, thus Γ L ⊆ N A+C (im Ψ). Conversely for each ψ g ∈ im Ψ, d(ψ g , f g (e)) ≤ C, so that im Ψ ⊆ N C (Γ L ).
Theorem B.4 ([MSW03]
). Let G be a group admitting a cobounded quasiaction on a bounded valence bushy tree T . Then G acts isometrically on a bounded valence, bushy tree T ′ and there is a quasi-conjugacy r : T ′ → T . Proposition 1.3 can be deduced as a special case of the following:
Theorem B.5. Let G be a finitely generated group quasi-isometric to a metric space X = Z × Π k i=1 X i as in Theorem B.1. Suppose that X 1 is a bounded valence bushy tree. Then there exists a finite index subgroup G 0 ≤ G that contains an almost normal subgroup H quasi-isometric to Z × Π k i=2 X i , such that the quotient space G 0 /H is quasi-isometric to a finite valence bushy tree.
Proof. Suppose f : G → X is a quasi-isometry. Conjugating the left action of G on itself by f defines a quasi-action of G on X. By Lemma B.3, we deduce that a subgroup G 0 ≤ G of index at most k! admits a quasi-action on X 1 . By Theorem B.4, G 0 acts on isometrically on a tree T and this action is quasi-conjugate to the quasi-action of G 0 on X 1 . Let H be a stabiliser of an edge of T . Since T is a bounded valence tree, every conjugate of H is commensurable to H and so H É G 0 . The quotient space G 0 /H is quasi-isometric to T . Using the quasi-conjugacy T → X 1 and Theorem B.1, we deduce f (H) has finite Hausdorff distance from p −1 1 (x) for some x ∈ X, demonstrating that H is quasi-isometric to Z × Π k i=2 X i .
